Introduction to Supergravity
and Its Applications

Horatiu Nastase

Séo Paulo State University

mgm CAMBRIDGE

p UNIVERSITY PRESS



vii

Preface page Xv
Acknowledgments xvi
Introduction 1
Partl Formalism

1 Introduction to general relativity 1: Kinematics and Einstein equations 5
1.1 Intrinsically curved spacetime and the geometry of general relativity 5
1.1.1  Special relativity 5

1.1.2  General relativity 6

1.2 Einstein’s theory of general relativity 8

1.3 Kinematics 10

1.4 Actions in general relativity 13

1.5 The Einstein—Hilbert action 13

2 Introduction to general relativity 2: Vielbein and spin connection, anti-de Sitter space,

black holes

2.1  The vielbein—spin connection formulation of general relativity
2.2 Anti-de Sitter space

2.3 Cosmological constant

2.4 Black holes

3 Introduction to supersymmetry 1: Wess~Zumino models, on-shell and off-shell

supersymmetry

3.1  Supersymmetry: a Bose—Fermi symmetry

3.2 Spinors in general dimensions

3.3 The susy algebra

3.4 Two-dimensional Wess—-Zumino model and on-shell susy
3.4.1 Majorana spinor identities
3.4.2 Invariance of the action and susy algebra
3.4.3 Fierz identities (Fierz recouplings)
3.44 Closure of algebra on ¢

3.5 Two-dimensional WZ model: off-shell susy

3.6 Four dimensions: free off-shell WZ model

18
18
23
25
26

30
30
31
34
34
36
36
37
38
38
40



viil

Contents

introduction to supersymmetry 2: Multiplets and axtended supersymmetry
4.1 Two-component notation for spinors: dotted and undotted indices
472 Massless irreducible representations
4.3 Massive representations
43.1 Representations without central charges
432 Massive representations with central charges
4.3.3 R-symmetry
4.4 Lagrangians for the multiplets ind = 4
441 Chiral (WZ) multiplet
4.42 TheN = 1 vector (YM) multiplet
4.43 Coupling to matter (chiral multiplets)
4,5 N =2 susy models
46 N =4SYM

Introduction to supersymmetry 3: Superspace formalismind = 4: Perturbative susy

breaking
5.1  Superspace and superfields
5.2 Actions in terms of superfields: chiral multiplets
5.3  Vector multiplet
5.4 N = 2 superspace
5.5 Perturbative supersymmetry breaking
5.5.1 Witten index
5.5.2 Tree-level susy breaking

Four-dimensional on-shell supergravity and how to count degrees of freedom
6.1 Degrees of freedom counting
6.1.1  Off-shell counting
6.1.2 On-shell counting
6.2  Supergravity
6.3 N = 1 on-shell four-dimensional supergravity
6.3.1 Susy invariance of the Sar—; action in 1.5-order formalism

Three-dimensional A/ = 1 off-shell supergravity
7.1  Action and symmetries

7.2 Supersymmetry transformation rules
7.3 The susy algebra

Coset theory and rigid superspace

3.1 Coset theory

8.2 Parallel transport and general relativity on the coset manifold
8.3  H-covariant Lie derivatives

8.4 Rigid superspace from the coset formalism

43
43
44
46
46
47
48
48
48
49
50
52
52

56
56
58
60
62
64
64
65

69
69
69
70
71
72
76

79
79
81
84

88
88
92
94
95



Contents

9 Covariant formulation of YM in rigid superspace and local superspace formalisms

9.1
9.2
9.3

9.4
9.5

Rigid superspace as a coset: transformation rules and constraints
Covariant formulation of four-dimensional YM in rigid superspace

Solving the constraints and Bianchi identity and relation to prepotential

formalism
Coset approach to three-dimensional supergravity
Super-geometric approach

10 A = 1Four-dimensional off-shell supergravity

10.1
10.2
10.3

Supersymmetry transformation rules
Action
Susy algebra closure

11 A = 1 Four-dimensional supergravity in superspace

111
11.2
11.3

Super-geometric approach: invariances, gauge choices, and fields
Constraints
Solution of the constraints and Bianchis

12 Superspace actions and coupling supergravity with matter

12.1
12.2
123
12.4
12.5

Review of YM superfields in rigid superspace

YM superfields in curved superspace

Invariant measures

Supergravity actions

Supergravity coupled to matter: terms in the component action

13 Kaluza—Klein (KK)-dimensional reduction and examples

13.1
13.2
13.3
134
13.5

Kaluza—Klein compactification

Metrics in KK theory

Fields with (Lorentz) spin in KK theory

The original KK theory: compactification on S’
Some general properties of KK reductions

14 Spherical harmonics and the KK expansion on sphere, coset, and group spaces

14.1
14.2
14.3
14.4
14.5

15 A = 2 sugra in 4 dimensions, general sugra theories, and A/ = 1 sugra in 11

Spherical harmonics

Coset theory

Examples of spherical harmonics

KK decomposition

Spherical harmonics on particular coset manifolds
14.5.1 Group spaces

dimensions

15.1

N = 2 supergravity and special geometry
15.1.1 N = 2 rigid supersymmetry

100
100
102

104
107
112

114
114
115
116

121
121
122
124

128
128
130
130
132
134

137
137
139
141
144
145

148
148
150
151
155
157
157

162
162
162



Contents

15.1.2 Special geometry 163
15.1.3 Very special geometry and duality symmetries 167
15.2 Other supergravity theories 169
15.3 N = 1 supergravity in 11 dimensions 170
15.4 Off-shell and superspace 172
Partil Applications
16 AdS; x S$* nonlinear KK compactification of 11-dimensional supergravity
and related notions 177
16.1 N =1 11-dimensional supergravity and compactifications 177
16.2 First-order formulation of 11-dimensional supergravity 179
16.3 Consistent truncations and nonlinear ansitze 180
16.4 Linearized ansatz for reduction on $* 182
16.5 Review of spherical harmonics on S* 184
16.6 Nonlinear ansatz 186
16.7 * Gauged supergravities, maximal supergravities in various dimensions,
and gaugings 187
16.7.1 d =4 N = 8 (maximal) gauged supergravity 188
16.7.2 d =5 N = 8 (maximal) gauged supergravity 191
16.7.3 d =7 N = 4 (maximal) gauged supergravity 193
16.7.4 Massive type IIA supergravity ind = 10 195
16.7.5 Type IIB supergravity in d = 10 197
16.7.6 Other gaugings: ISO(7) example 199
16.7.7 Some general properties of gaugings 199
16.8 * Modified supergravities in 10 and 11 dimensions: modified “local
Lorentz” covariance, “exceptional field theory,” and the geometric
approach to supergravity 201
16.8.1 Eleven-dimensional supergravity with SO(3, 1) x SU (8) (“local
Lorentz”) covariance 201
16.8.2 Exceptional field theory 203
16.8.3 The geometric approach to supergravity: d’Auria and Fré’s
11-dimensional supergravity with OSp(1)32) invariance 205
17 (Abelian and nonabelian) T-dualities and other solution-generating techniques: TsT,
0(d, d), and null Melvin twist 210
17.1 Abelian T-duality 210
17.2 Nonabelian T-duality 212
17.3 TsT transformation 216
17.3.1 Example 217
17.4 O(d,d) transformation 218
17.5 Null Melvin twist

219



Contents

18 Extremal and black p-brane solutions of supergravity; Tseytlin’s harmonic function rule 223

18.1 Introduction 223
18.2 Actions and equations of motion 225
18.3 The electric p-brane solution 227
18.4 Magnetic p-branes and duality 231
18.4.1 Duality 233
18.5 Generalizations: black p-branes 234
18.5.1 D-p-branes in 10 dimensions 235
18.5.2 Fundamental string and magnetic (NS)5-brane solutions 235
18.6 Tseytlin’s harmonic function rule for intersecting branes 236

19 Supersymmetry of solutions, classification via susy algebra, intersecting brane solutions 240

19.1 Algebra vs. susy background 240
19.2 Mass of solutions ] 241
19.3 Supersymmetry of solutions 242
19.4 Supergravity solutions corresponding to fundamental objects = states

in string theory 245
19.5 Classification of solutions by the susy algebra 248
19.6 Intersecting brane solutions 250

20 U-duality group acting on supergravity theories and on solutions, M theory unification 253

20.1 Generalities 253
20.2 M theory unification 254
20.3 String duality web 257
20.4 U-duality from M theory 260
21 Gravity duals: Decoupling limit and Penrose limits on solutions and algebras 266
21.1 The AdS/CFT correspondence 266
21.2 M theory cases 268
21.3 Gravity dual of N extremal Dp-branes 270
21.3.1 Observations on supersymmetry 272

21.4 Penrose limits of AAS/CFT dualities 272
21.4.1 General theory 275
21.4.2 Penrose limit on the isometry group and algebra 279

22 Supersymmetric AdS/CFT gravity dual pairs and their deformations (susy, marginal,

integrable) 283
22.1 Supersymmetric AJS/CFT maps 283
22.2 Supersymmetric and integrable deformations 285

22.2.1 B deformation of N' = 4 SYM 285

22.2.2 y deformation (generalization with three parameters) 286
22.3 n and A deformations 288
22.4 Yang-Baxter deformations 290

22.5 Generalized supergravity equations 292



Xii

Contents

23 Extremal black holes, the attractor mechanism, and holography

23.1

23.2
23.3

24 Supersymmetric string (NS-R, GS, Berkovits) and supergravity on the worldsheet vs.

The attractor mechanism

23.1.1 Four-dimensional A/ = 2 case (the original one)
Interpretation and Sen’s entropy function formalism

Attractors in five-dimensional gauged supergravity and holography
23.3.1 Five-dimensional gauged supergravity attractors

2332 Embedding in string theory and AdS/CFT

spacetime supergravity

24.1
242

243

25 Kappa symmetry and spacetime supergravity equations of motion; superembedding

Particle actions

Bosonic string

24.2.1 Actions and equations of motion

24.2.2 Constraints, oscillators, and quantization
24.2.3 Background fields

Supersymmetric strings

24.3.1 The superparticle

24.3.2 The GS superstring

24.3.3 NSR (Spinning) string

24.3.4 Berkovits formalism

formalism

25.1
25.2

253

WZ terms and superstrings

Super-p-branes

25.2.1 Actions

25.2.2 Brane scan and kappa symmetry

25.2.3 Curved superspace and sugra equations from kappa symmetry
Superembedding formalism

25.3.1 Superembedding conditions

25.3.2 Particle embedding

25.3.3 Examples

25.3.4 Superstrings

26 Supergravity and cosmological inflation models

26.1
26.2

263
26.4

26.5
26.6

N = 1 supergravity coupled with a single chiral superfield ¢
D-term inflation

26.2.1 Example: the original FI model

Field redefinitions

Example of supergravity model with €, 7 < 1

26.4.1 Firsttry

26.4.2 Modified example

Special embedding of inflationary potentials in supergravity
Kallosh and Linde’s “« attractors” in A = 1 supergravity

295
295
295
298
301
301
304

309
309
310
311
313
314
315
315
316
320
321

325
325
327
327
328
329
331
331
332
335
337

341
342
344
345
345
346
346
347
348
350



Xiii Contents

27 Maldacena—Nuiiez and supergravity no-go theorems; loopholes

27.1 No-go theorem

27.2 No Minkowski or de Sitter compactifications of massive
type IIA supergravity

27.3 No RS solution in 4 = 5 gauged supergravity

27.4 The “swampland conjecture”
27.4.1 First: scattered (sporadic) results
27.4.2 Second: more general no-go theorem

28 Witten’s positive energy theorem in general relativity and connection with supergravity
28.1 Setup
28.2 Sketch of the proof
28.3 Proof
28.3.1 Step1
28.3.2 Step2
28.3.3 Step 3
28.34 Step4
28.4 Connection to supergravity

29 Compactification of low-energy string theory
29.1 Setup and conditions for compactification
29.2 Topology
29.2.1 Spinors and holonomies
29.2.2 Kaihler and Calabi—Yau manifolds
29.2.3 Cohomology, homology, and mass spectra
29.3 Moduli space of CY3
29.3.1 Complex structure moduli
29.3.2 Kihler structure moduli
29.4 Type IIB on CY3
29.5 Heterotic Eg x Eg on CY3

30 Toward realistic embeddings of the Standard Model using supergravity
30.1 The Standard Model
30.1.1 Particle spectrum
30.1.2 Symmetries
30.1.3 Spinors and notation
30.1.4 Spectrum split into representations
30.1.5 The Lagrangian
30.2 Grand Unified Theories
30.2.1 SU(5) unification
30.2.2 SO(10) unification
30.2.3 Other groups

353
353

356
357
359
360
361

365
365
366
367
367
368
369
372
372

378
378
380
380
381
382
383
383
384
385
386

390
390
390
391
391
392
393
396
396
397
397



Xiv

Contents

30.3 Minimal Supersymmetric Standard Model
30.3.1 Minimal supergravity
30.4 New low-energy string (supergravity) constructions

31 Minimal sugra, phenomenology, and models of susy breaking
31.1 Masses and MSSM parameters
31.2 Minimal Supergravity (MinSugra)
31.3 Susy breaking
31.4 Susy breaking mechanisms for the MSSM and MinSugra
31.5 Susy breaking in MinSugra
31.6 Polonyi model for susy breaking: hidden sector + gravity mediation

Reference
Index

397
399
399

403
403
404
405
406
409
411

415
421



