
Introduction to Effective
Field Theory

Thinking Effectively about Hierarchies of Scale

C. P. BURGESS
McMaster University and Perimeter Institute for Theoretical Physics

gH Cambridge
university press



List of Illustrations page xi
List of Tables xvii
Preface xix
Acknowledgements xxi

Part I Theoretical Framework 1

1 Decoupling and Hierarchies of Scale 5
1.1 An Illustrative Toy Model 0 6

1.1.1 Semiclassical Spectrum 6
1.1.2 Scattering 7
1.1.3 The Low-Energy Limit 9

1.2 The Simplicity of the Low-Energy Limit 0 9
1.2.1 Low-Energy Effective Actions 10
1.2.2 Why It Works 11
1.2.3 Symmetries: Linear vs Nonlinear Realization 13

1.3 Summary 16
Exercises 16

2 Effective Actions 18
2.1 Generating Functionals - A Review 18

2.1.1 Connected Correlations 21
2.1.2 The 1 PI (or Quantum) Action* 22

2.2 The High-Energy/Low-Energy Split0 26
2.2.1 Projecting onto Low-Energy States 26
2.2.2 Generators of Low-Energy Correlations * 28
2.2.3 The 1LPI Action 29

2.3 The Wilson action0 32
2.3.1 Definitions 33

2.4 Dimensional Analysis and Scaling0 39
2.4.1 Dimensional Analysis 39
2.4.2 Scaling 43

2.5 Redundant Interactions'' 44
2.6 Summary 48
Exercises 49

3 Power Counting and Matching 51
3.1 Loops, Cutoffs and the Exact RG * 52

v 3.1.1 Low-Energy Amplitudes 53



vi Contents

3.1.2 Power Counting Using Cutoffs 54
3.1.3 The Exact Renormalization Group 59
3.1.4 Rationale behind Renormalization ® 63

3.2 Power Counting and Dimensional Regularization 64
3.2.1 EFTs in Dimensional Regularization 65
3.2.2 Matching vs Integrating Out 68
3.2.3 Power Counting Using Dimensional Regularization 71
3.2.4 Power Counting with Fermions 74

3.3 The Big Picture 0 76
3.3.1 Low-Energy Theorems 76
3.3.2 The Effective-Action Logic * 77

3.4 Summary 79
Exercises 79

4 Symmetries 82
4.1 Symmetries in Field Theory 82

4.1.1 Unbroken Continuous Symmetries 84
4.1.2 Spontaneous Symmetry Breaking 87

4.2 Linear vs Nonlinear Realizations * 90
4.2.1 Linearly Realized Symmetries 91
4.2.2 Nonlinearly Realized Symmetries 93
4.2.3 Gauge Symmetries 99

4.3 Anomaly Matching * 105
4.3.1 Anomalies'7 105
4.3.2 Anomalies and EFTs 108

4.4 Summary 113
Exercises 113

5 Boundaries 116
5.1 ‘Induced’Boundary Conditions 116
5.2 The Low-Energy Perspective 119
5.3 Dynamical Boundary Degrees of Freedom 122
5.4 Summary 123
Exercises 124

6 Time-Dependent Systems 126
6.1 Sample Time-Dependent Backgrounds * 126

6.1.1 View from the EFT 128
6.2 EFTs and Background Solutions * 129

6.2.1 Adiabatic Equivalence of EFT and Full Evolution 129
6.2.2 Initial Data and Higher-Derivative Instabilities * 132

6.3 Fluctuations about Evolving Backgrounds * 137
6.3.1 Symmetries in an Evolving Background 13 8
6.3.2 Counting Goldstone States and Currents * 141

6.4 Summary I44
Exercises 14$



vii Contents

Partii Relativistic Applications 147

7 Conceptual Issues (Relativistic Systems) 151
7.1 The Fermi Theory of Weak Interactions * 151

7.1.1 Properties of the IF Boson 151
7.1.2 Weak Decays 153

7.2 Quantum Electrodynamics 155
7.2.1 Integrating Out the Electron 156
7.2.2 E » me and Large Logs * 162
7.2.3 Muons and the Decoupling Subtraction Scheme * 164
7.2.4 Gauge/Goldstone Equivalence Theorems 167

7.3 Photons, Gravitons and Neutrinos 169
7.3.1 Renormalizable Interactions 0 169
7.3.2 Strength of Non-renormalizable Interactions0 171
7.3.3 Neutrino-Photon Interactions * 173

7.4 Boundary Effects 177
7.4.1 Surfaces between Media 178
7.4.2 Casimir Energies * 182

7.5 Summary 185
Exercises 186

8 QCD and Chiral Perturbation Theory 188
8.1 Quantum Chromodynamics * 188

8.1.1 Quarks and Hadrons 188
8.1.2 Asymptotic Freedom 190
8.1.3 Symmetries and Their Realizations 192

8.2 Chiral Perturbation Theory 195
8.2.1 Nonlinear Realization0 195
8.2.2 Soft-Pion Theorems * 199
8.2.3 Including Baryons 203
8.2.4 Loops and Logs0 205

8.3 Summary 208
Exercises 209

9 The Standard Model as an Effective Theory 212
9.1 Particle Content and Symmetries0’ 213

9.1.1 The Lagrangian 215
9.1.2 Anomaly Cancellation * 218

9.2 Non-renormalizable Interactions 221
9.2.1 Dimension-Five Interactions 222
9.2.2 Dimension-Six Interactions 224

9.3 Naturalness Issues* 226
9.3.1 Technical and’t Hooft Naturalness 0 226
9.3.2 The Electroweak Hierarchy Problem 231
9.3.3 The Cosmological Constant Problem 236

9.4 Summary 238
Exercises 239



vili Contents

10 Generai Relativity as an Effective Theory -4’
10.1 Domain of Semi-Classical Gravity ’ 24j
10.2 Time-Dependence and Cosmology* 247

10.2.1 Semiclassical Perturbation Theory 249
10.2.2 Slow-Roll Suppression 252

10.3 Turtles All the Way Down? * 2;7
10.3.1 String Theory 257
10.3.2 Extra Dimensions 264

10.4 Summary 244
Exercises 2 74

Partili NonreiativisticApplications 273

11 Conceptual Issues (Nonreiativistic Systems) 277
11.1 Integrating Out Antiparticles ’ 277
11.2 Nonreiativistic Scaling 280

11.2.1 Spinless Fields 280
11.2.2 Spin-Half Fields 282

11.3 Coupling to Electromagnetic Fields * 284
11.3.1 Scaling 285
11.3.2 Power Counting 289

11.4 Summary 293
Exercises 294

12 Electrodynamics of Nonreiativistic Particles 296
12.1 Schrödinger from Wilson ' 296

12.1.1 Leading Electromagnetic Interactions 296
12.1.2 Matching 298
12.1.3 Thomson Scattering 306

12.2 Multiple Particle Species * 307
12.2.1 Atoms and the Coulomb Potential 309
12.2.2 Dipole Approximation 311
12.2.3 HQET 314
12.2.4 Particle-Antiparticle Systems 318

12.3 Neutral Systems 326
12.3.1 Polarizability and Rayleigh Scattering 326
12.3.2 Multipole Moments 330

12.4 Summary 332
Exercises 333

13 First-Quantized Methods 335
13.1 Effective Theories for Lumps ° 336

13.1.1 Collective Coordinates 3 337
13.1.2 Nonlinearly Realized Poincaré Symmetry * 340
13.1.3 Other Localized Degrees of Freedom 344

13.2 Point-Particle EFTs 345
13.2.1 Electromagnetic Couplings 345



ix Contents

13.2.2 Gravitational Couplings 348
13.2.3 Boundary Conditions I 348
13.2.4 Thomson Scattering Revisited 352

13.3 PPEFT and Central Forces * 353
13.3.1 Boundary Conditions II 354
13.3.2 Contact Interaction 359
13.3.3 Inverse-Square Potentials: Fall to the Centre 365
13.3.4 Nuclear Effects in Atoms 370

13.4 Summary 380
Exercises 381

Part IV Many-Body Applications 387

14 Goldstone Bosons Again 391
14.1 Magnons^ 391

14.1.1 Antiferromagnetism 392
14.1.2 Ferromagnetism 397
14.1.3 Physical Applications 401

14.2 Low-Energy Superconductors * 403
14.2.1 Implications of the Goldstone Mode 404
14.2.2 Landau-Ginzburg Theory 410

14.3 Phonons* 413
14.3.1 Goldstone Counting Revisited 413
14.3.2 Effective Action 415
14.3.3 Perfect Fluids 418

14.4 Summary 420
Exercises 421

15 Degenerate Systems 423
15.1 Fermi Liquids 426

15.1.1 EFT Near a Fermi Surface 426
15.1.2 Irrelevance of Fermion Self-Interactions 428
15.1.3 Marginal Interactions 433

15.2 Superconductivity and Fermion Pairing * 436
15.2.1 Phonon Scaling 436
15.2.2 Phonon-Coulomb Competition 441

15.3 Quantum Hall Systems * 445
15.3.1 Hall and Ohmic Conductivity 445
15.3.2 Integer Quantum Hall Systems 448
15.3.3 Fractional Quantum Hall Systems 452

15.4 Summary 457
Exercises 458

16 EFTs and Open Systems 461
16.1 Thermal Fluids 462

16.1.1 Statistical Framework^ 463
16.1.2 Evolution through Conservation 465



X Contents

16.2 Open Systems 467
16.2.1 Density Matrices Q 468
16.2.2 Reduced Time Evolution* 470

16.3 Mean Fields and Fluctuations 472
16.3.1 The Mean/Fluctuation Split* 473
16.3.2 Neutrinos in Matter 476
16.3.3 Photons: Mean-Field Evolution* 481
16.3.4 Photons: Scattering and Fluctuations* 489
16.3.5 Domain of Validity of Mean-Field Theory 494

16.4 Late Times and Perturbation Theory* 495
16.4.1 Late-Time Resummation 496
16.4.2 Master Equations 500

16.5 Summary 507
Exercises 508

514Appendix A Conventions and Units

Appendix B Momentum Eigenstates and Scattering 529

AppendixC Quantum Field Theory: A Cartoon 539

Appendix D Further Reading 577

References
Index

591
636



1.1

1.2

1.3

2.1

2.2

2.3

2.4

2.5

3.1

3.2

3.3

The potential (p,), showing its sombrero shape and the circular line 
of minima at |<£> | = v page 7
The tree graphs that dominate scattering. Solid (dotted) lines
represent <pK (<p,), and ‘crossed’ graphs are those with external lines 
interchanged relative to those displayed 8
The tree graphs that dominate the <p,<pi scattering amplitude. Solid 
(dotted) lines represent cpR and <£>, particles 9
A sampling of some leading perturbative contributions to the generating 
functional Z[J] expressed using Eq. (2.11) as Feynman graphs. Solid 
lines are propagators (A-1) and solid circles represent interactions that 
appear in Sint. 1-Particle reducible and 1PI graphs are both shown as 
examples at two loops and a disconnected graph is shown at four loops. 
The graphs shown use only quartic and cubic interactions in 20
The Feynman rule for the vertex coming from the linear term, Slin, in the 
expansion of the action. The cross represents the sum öS/ö<pa +Ja 21
The tree graphs that dominate the (d^dF^)2 (panel a) and the 
(b;14 duE)3 (panels b and c) effective interactions. Solid lines represent 
X propagators, while dotted lines denote external c. fields 32
One-loop graphs that contribute to the interaction in the
Wilson and 1LPI actions using the interactions of Eqs. (1.24) and (1.25). 
Solid (dotted) lines represent x (and £) fields. Graphs involving wave­
function renormalizations of <5 are not included in this list 35
The tree and one-loop graphs that contribute to the (d.^E cE‘E)2 inter­
action in the 1LPI action, using Feynman rules built from the Wilson 
action. All dotted lines represent E particles, and the ‘crossed’ versions 
of (b) are not drawn explicitly 38
The graph describing the insertion of a single effective vertex with 6 
external lines and no internal lines 55
Graphs illustrating the two effects that occur when an internal line 
is contracted to a point, depending on whether or not the propagator 
connects distinct vertices (left two figures) or ties off a loop on a single 
vertex (right two figures). In both cases, a double line represents the 
differentiated propagator. The two options respectively correspond to 
the terms [öS.rjnt/öt^HöS^im/ötX -p)J and ö2S„_int/ö(p(p)ö(p( -p) 
appearing in the Wilson-Polchinski relation, Eq. (3.25) of the text 60
One-loop graphs that contribute to the EpjEiJ^E kinetic term in the 
Wilson and 1LPI actions using the interactions of Eqs. (3.43) and (3.44). 
Solid (dotted) lines represent x (and E,) fields 69



4.1

4.2

6.1

7.1

7.2
7.3

7.4

7.5

7.6

7.7

Illustrationsxii

A sketch of energy levels in the low-energy theory relative to the high- 
energy scale, M, and the relative splitting, v, within a global ‘symmetry’ 
multiplet. Three cases are pictured: panel (a) unbroken symmetry (with 
unsplit multiplets); panel (b) low-energy breaking (v AT) and panel 
(c) high-energy breaking (with v > M). Symmetries are linearly realized 
in cases (a) and (b) but not (c). If spontaneously broken, symmetries 
in case (c) are nonlinearly realized in the EFT below M. (If explicitly 
broken in case (c) there is little sense in which the effective theory has 
approximate symmetry at all) 90
The triangle graph that is responsible for anomalous symmetries (in 
four spacetime dimensions). The dot represents the operator and the 
external lines represent gauge bosons in the matrix element <gg|JÄ' |Q>. 
where |Q> is the ground state 107
A sketch of the adiabatic time-evolution for the energy, £(/) (solid line), 
of a nominally low-energy state and the energy, Af(r) (double line), for 
a representative UV state. The left panel shows level crossing where 
(modulo level repulsion) high- and low-energy states meet so the EFT 
description fails. In the right panel high-energy states evolve past a 
cutoff, A (dotted line), without level crossing (so EFT methods need 
not fail) 144
The Feynman graph responsible for the decay r —> c'i'if'i at leading 
order in unitary gauge 153
The tree graph that generates the Fermi Lagrangian 154
The Feynman graph contributing the leading contribution to photon­
photon scattering in the effective theory for low-energy QED. The vertex 
represents either of the two dimension-eight interactions discussed in the 
text 159
The Feynman graph contributing the vacuum polarization. The circular 
line denotes a virtual electron loop, while the wavy lines represent 
external photon lines 159
The leading Feynman graphs in QED which generate the effective 
four-photon operators in the low-energy theory. Straight (wavy) lines 
represent electrons (photons) 161
Schematic of the energy scales and couplings responsible for the 
hierarchy of interactions among gravitons, photons and neutrinos. Here 
the ovals represent the collection of particles at a given energy that 
experience renormalizable interactions with one another. Three such 
circles are drawn, for energies at the electron mass, mr, the IF-boson 
mass, Afff, and a hypothetical scale, Mg, for whatever theory (perhaps 
string theory) describes gravity at very high energies 172
Feynman graphs giving neutrino-photon interactions in the Standard 
Model. Graph (a) (left panel): contributions that can be regarded as low- 
energy renormalizations of the tree-level weak interaction. Graph (b) 
(middle panel): contributions generating higher-dimension interactions 
when integrating out the W. Graph (c) (right panel): contributions 
obtained when integrating out the Z. Although not labelled explicitly,



xìii Illustrations

quarks can also contribute to the loop in panel (c). Similar graphs with 
more photon legs contribute to neutrino/«-photon interactions 174

7.8 Feynman graphs giving neutrino/single-photon interactions within the 
EFT below Mw. Graph (a) (left panel): loop corrections to the tree-level 
Fermi interaction. Graph (b) (middle panel): loop corrections to tree­
level higher-dimension effective four-fermion/one-photon interactions.
Graph (c) (right panel): loop-generated higher-dimension effective two- 
fermion/one-photon interactions. Similar graphs with more photon legs 
describe multiple-photon interactions 176

7.9 Feynman graph showing how the light-by-light scattering box diagram 
appears in the 2 —> 3 neutrino-photon scattering problem. The dot 
represents the tree-level Fermi coupling, though C and P invariance of 
electromagnetic interactions imply only the vector part need be used 177

8.1 The Feynman graphs giving the dominant contributions to pion-pion 
scattering in the low-energy pion EFT. The first graph uses a vertex 
involving two derivatives while the second involves the pion mass, but 
no derivatives 201

9.1 An example of UV physics that can generate the dimension-five lepton­
violating operator within SMEFT

9.2 Graphs contributing to the Higgs mass in the extended UV theory. Solid 
(or dotted) lines represent S (or Higgs) fields. Graph (a) is the one- 
loop graph through which a massive .S' particle contributes at the 1-loop 
level; Graph (b) is the direct contribution of the effective coupling c2; 
the effective coupling in the low-energy Wilsonian EFT. To these 
are to be added all other contributions (not drawn) including one-loop 
Standard-Model effects. What is important is that these other effects are 
present in both the full theory and the low-energy EFT
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