
Introduction to Proofs and Proof Strategies

Shay Fuchs
University of Toronto

BEB Cambridge
UNIVERSITY PRESS



CONTENTS

List of Symbols and Notation page x
Preface xiii

Part I Core Material

1 Numbers, Quadratics and Inequalities 3
1.1 The Quadratic Formula 3
1.2 Working with Inequalities - Setting the Stage 6
1.3 The Arithmetic-Geometric Mean and the Triangle 

Inequalities 9
1.4 Types of Numbers 16
1.5 Problems 20
1.6 Solutions to Exercises 23

Sets, Functions and the Field Axioms 25
2.1 Sets 25
2.2 Functions 35
2.3 The Field Axioms 43
2.4 Appendix: Infinite Unions and Intersections 49
2.5 Appendix: Defining Functions 52
2.6 Problems 55
2.7 Solutions to Exercises 63

Informal Logic and Proof Strategies 66
3.1 Mathematical Statements and their Building Blocks 67
3.2 The Logic Symbols 70
3.3 Truth and Falsity of Compound Statements 72
3.4 Truth Tables and Logical Equivalences 77
3.5 Negation 82
3.6 Proof Strategies 86
3.7 Problems 92
3.8 Solutions to Exercises 98



viii Contents

4 Mathematical Induction 99
4.1 The Principle of Mathematical Induction 99
4.2 Summation and Product Notation 106
4.3 Variations 109
4.4 Additional Examples 111
4.5 Strong Mathematical Induction 115
4.6 Problems 121
4.7 Solutions to Exercises 126

5 Bijections and Cardinality 128
5.1 Injections, Surjections and Bijections 128
5.2 Compositions 135
5.3 Cardinality 139
5.4 Cardinality Theorems 144
5.5 More Cardinality and the Schröder-Bernstein Theorem 151
5.6 Problems 153
5.7 Solutions to Exercises 162

6 Integers and Divisibility 164
164
168
175
179
183

6.1
6.2
6.3
6.4
6.5

Divisibility and the Division Algorithm
Greatest Common Divisors and the Euclidean Algorithm
The Fundamental Theorem of Arithmetic
Problems
Solutions to Exercises

7 Relations 184
7.1 The Definition of a Relation 184
7.2 Equivalence Relations 187
7.3 Equivalence Classes 191
7.4 Congruence Modulo n 196
7.5 Problems 199
7.6 Solutions to Exercises 203

Part II Additional Topics

8 Elementary Combinatorics 207
8.1 Counting Arguments: Selections, Arrangements and

Permutations 207
8.2 The Binomial Theorem and Pascal’s Triangle 215
8.3 The Pigeonhole Principle 219
8.4 The Inclusion-Exclusion Principle 221
8.5 Problems 228
8.6 Solutions to Exercises 231



ix Contents

9 Preview of Real Analysis - Limits and Continuity 234
9.1 The Limit of a Sequence 234
9.2 The Limit of a Function 242
9.3 The Relation between Limits of Functions and Sequences 252
9.4 Continuity and Differentiability 254
9.5 Problems 260
9.6 Solutions to Exercises 264

10 Complex Numbers 266
10.1 Background 266
10.2 The Field of Complex Numbers 267
10.3 The Complex Plane and the Triangle Inequality 276
10.4 Square Roots and Quadratic Equations 280
10.5 Polar Representation of Complex Numbers 284
10.6 De Moivre’s Theorem and Roots 288
10.7 The Exponential Function 293
10.8 Problems 295
10.9 Solutions to Exercises 299

11 Preview of Linear Algebra 306
11.1 The Spaces R" and their Properties 306
11.2 Geometric Vectors 309
11.3 Abstract Vector Spaces 317
11.4 Subspaces 321
11.5 Linear Maps and Isomorphisms 325
11.6 Problems 331
11.7 Solutions to Exercises 335

Index 339


